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1 Structure and Components of the 
Course 


The course is organized into three Blocks. 


Block I comprises 6 units (i.e. six weeks’ work) on algebraic structures. Here 
your knowledge of groups and vector spaces is extended, and some elementary ring 
and field theory is developed. 


Besides discussing ideas to be used later in the course, this block is intended to 
illustrate the general methods used with algebraic structures and to help you ac- 
quire useful general-purpose proof strategies. However, the selection of topics and 
problems has been made with the central theme of the course in view. This theme 
is discussed in detail in Block II. 


Block II comprises 6 units in which we discuss Galois Theory. The ideas and 
theorems discussed in this block are brought together in a body of theory arising 
out of Galois’ work on the solubility (or otherwise) of polynomial equations by 
‘simple’ formulas. With the weapons thus assembled, we move on to Block III. 


Block III comprises 4 units in which the results from Block II are used to provide 
solutions to an assortment of problems. These include the possibility and impossi- 


bility of some geometric constructions, Galois’ problem mentioned above, and some 


further work on finite fields. 


The components of the course are as follows. 


The set book Ian Stewart, Galois Theory, Chapman and Hall, 2nd edition 
(1989). The course is based on the set book, and it is essential that you have 


a copy (not a copy of the first edition). The set book is referred to henceforth 
simply as Stewart. 
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Correspondence texts 
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Unit 7 Field Automorp 


16 texts corresponding to the 16 units of the course, 


The teaching material 
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al Theorem of 
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Galois Theory 
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Block III 
Unit 13. Geometric Cons 

14 Solu 
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The Fundamental Theorem of Algebra 
Separable and Simple Extensions 


Interdependency of Units 


is almost entirely in the 
correspondence texts, 

with only small amounts 
of reading from Stewart. 


Stewart Chapter 7 
Stewart Chapter 8 
Stewart Chapter 9 
Stewart Chapter 10 
Stewart Chapters 11, 12 


Stewart Chapter 13 


Stewart Chapters 5, 17 
Stewart Chapter 14 
Stewart Chapter 16 
Stewart Chapter 19 


The teaching material 
is almost entirely in 
Stewart, with the 
correspondence texts 
providing guidance, 
problems and solutions. 


See Block III Guide. 


Block I Units 1-5 Unit 6 
ae 
ool 
wee 
Section 12.1 
Units 7-11 
Block II 
Section 12.3 Section 12.2 
Block III Unit 15 Unit 16 Unit 14 
Section 13.1 


Section 13.2 


A unit depends on any shown above it to which it is linked. 


A dashed line indicates weak dependence. In practice, two items linked by a dashed 
line could be read in the ‘wrong’ order. 


Strategies Supplement This is an essential component of the course. It should 
be studied after Unit 5, but will not be assessed until TMA 03. 


Cassette tapes Containing teaching material and comment associated with a 
number of the units. 


Tutor-marked Assignments (TMAs) 4 TMAs. On the first three, all ques- 
tions will be used for assessment purposes. For the final TMA, covering Block III, 
you will have to make a choice of two questions out of four. TMA 01 has been 
divided into two parts to provide you with early feedback. Instructions on how to 
submit the two parts of this TMA are given in the Assignment Booklet. 


TMA 01 Part 1 covers Units 1 & 2 
TMA 01 Part 2 covers Units 3-5 


TMA 02 covers Units 6-8 
TMA 03 covers Units 9-12 
TMA 04 covers Units 13-16 


Handbook A reference and revision document, use of which will be permitted in 
the examination. 


Examination One 3-hour examination at the end of the course. 


NB There are NO Radio or Television programmes, or Computer-marked Assign- 
ments. 


2 Using the Course Material 


You will, by now, have evolved successful study habits; the following notes are 
intended simply as guidance for this particular course. 


2.1 The Correspondence Texts 


These always specify the material to be studied, even when the teaching is largely in 
Stewart. They also contain problems and solutions. We have selected the problems 
carefully, and it is important that you attempt them all and read our solutions. 
From Unit 3 onwards, many of the problems carry a label “T? for ‘theory’ or ‘P’ for 
‘practice’. ‘Theory’ problems require proofs of results which are either part of the 
main development or useful extensions. ‘Practice’ problems are exactly that, and 
they also provide a source of examples, many of which are used repeatedly as the 
course develops. A Hints Page is included in each of Units 4 and 6 in Block I, and 
a single Hints section is provided for each of Blocks II and III. 


2.2 The Set Book 


One of the aims of the course is to increase your skill in using textbooks. In Blocks II 
and II you should regard our notes on the reading passages as material to be used 
after you have made a reasonable attempt at understanding Stewart. We suggest 
that at a first reading you aim for an overview, noting results and definitions, and 
trying to relate them to familiar examples. A second reading can be used to look at 
the content in detail, making notes about difficulties and using the correspondence 
text and/or tape for assistance with any difficulties you cannot resolve. 


2.3 Cassette Tapes 


In Unit 2 of Block I, part of the teaching material is tape linked with print. You 
will have to stop this tape frequently to attempt problems or study proofs. The 
points at which you are intended to stop are indicated by short musical phrases. 
In Blocks II and III, tape is used to provide signposting and/or detailed help with 
material in Stewart. 


2.4 TMAs 


These have an important teaching function as well as an assessment one. It is 
obvious that what you do not commit to’ paper, your tutor can give neither credit 
for nor help with; however, this fact is often overlooked. Write down all your 
thoughts on the questions; never discard anything until you have replaced it with 
something better; when you grind to a halt, send all your working to your tutor, 
no matter how unpolished it is. 


3 Algebraic Structures and Axiom Systems 


One of the themes of the course is the systematic use of algebraic ideas and tech- 
niques. In Block I we investigate a number of algebraic structures: groups, rings, 
fields and vector spaces. From our point of view, an algebraic structure has the 
following features. 


Feature Example: Group 
A set of elements S. A set G of elements of the group. 
One or more binary operations A binary operation 
SxS—S. GxG—G 
(g,h) — gh. 
Possibly some distinguished elements. A distinguished element e (identity). 
Possibly some unary operations A unary operation 
S—S. G—G 
grog. 
A list of axioms defining the The group axioms: 
relationships between the above. Gl. ghEG forall g,heEG. 


G2. (gh)k = g(hk) for all g,h,k € G. 
G3. ge=g=eg for all g EG. 
34. gg! =e = gtg for allg E G. 


All the algebraic structures discussed will be cast in this general mould. Vector 
spaces fit the mould least easily because of the presence of two sets, one of vectors 
and one of scalars. We deal with this problem by considering unary operations on 
the set V of vectors, one for each scalar. Some of the axioms for a vector space 
then become the following. 


VI. v+weEV foreachv,weEV + isa binary operation V x V — V. 


V3. O0€ Vand... 0 is a distinguished element. 

V4. -véV and... unary operation v +> —v. 

V6. aveéV for eachv €V and unary operation v — av for each 
scalar œ scalar a. 


One benefit of this axiomatic approach is economy. Any result or theorem proved 
by a chain of deductions from the axioms is valid for each and every example of the 
algebraic structure. Thus we have the following theorem. 


If G is a group, g an element of G, and H the set of elements of G 
which commute with g, then H is a subgroup of G. 


This is valid for any particular group and any particular choice of g within that 
group. 

It follows that axiom systems must be chosen with some care. Too few axioms may 
lead to a very general theory with little content; too many axioms may restrict the 
number of examples satisfying the axioms, and we should then have few applications 
for our theory. In practice we abstract our axioms from number systems, experience 
with two- and three-dimensional geometry, and so on. 


There are three notions which are important in relation to axiom systems. The first 
is consistency. It is by no means obvious when inspecting a list of axioms that they 
do not contain the seeds of an internal contradiction. However, a single example 
of a structure satisfying the axioms is sufficient to demonstrate consistency. (The 
group axioms are consistent because there exists a group, namely the trivial one: 
{e}. This is not a very exciting group, but it satisfies all the axioms!) Since we 
shall have always abstracted our axioms from a concrete example, consistency will 
not be a problem. 


The second notion is independence. An axiom which is provable from the rest is not 
independent. For example, the four group axioms are actually six as given, because 
Axioms G3 and G4 contain two assertions each, 


G3’. ge=g G3”. eg=g 
G4’. gg! =e G4". gg =e, 


and Axioms G3” and G4” can be proved from the remaining axioms. There is a 
certain importance in knowing what constitutes an independent set of axioms, but 
our needs will often be best served by a convenient choice, such as the standard 
G1-G4, rather than insisting on independence. 


The notion of equivalence is more important to us. An important axiom concerning 
the natural numbers 


N = {1,2,3,...} 
is the inductive axiom: 
J If S is a subset of N and 


leSandkeS=sk+l1€5S, 
then S=N. 


It is this axiom on which proof by mathematical induction rests. An alternative 
inductive axiom is 


J’ If S is a subset of N and 
1é€S and 1,2,...,k -1E S= kES, 
then S = N. 


The axioms J and J’ are equivalent in the sense that we may prove 
J=J' and P= 


using the other axioms for N. 


For each of the structures discussed in Block I, we follow a consistent pattern, 
outlined below, indicated by a series of diagrams in the margin as signposts. 


Step 


Define structure. 


Define substructure. 


Define special substructure. 


Define homomorphisms between 
structures. 


Theorem. Image of a homomorphism 
is substructure of codomain. 


Theorem. Kernel of a homomorphism 
is special substructure of domain. 


Example: Group 


Definition. A group is a non-empty set 
G together with ... . 


Definition. A subgroup H of a group G 
is a subset of G such that... . 


Definition. A normal subgroup N of a 
group Gis... . 


Definition. A homomorphism of groups 
from G to H is a function f : G — H 
such that... . 


Theorem. If f:G — H is a homo- 
morphism of groups, then f(G) is a sub- 
group of H. 


Theorem. The kernel of a group ho- 
momorphism is a normal subgroup of the 
domain. 


Two types of problem will recur regularly: problems of characterization and clas- 


sification. 


Characterization problems arise when a property of, say, groups appears to be of 
interest and there is a need to describe the property in more familiar terms. 


General form 


All structures of a particular type 


Example from group theory 


All groups G with the property 
with a property P are of interest. P: 


(xy)? = z°y? for all z,y E€ G 


are of interest. 


Find a (better understood) 
property Q such that we can prove 
the theorem. 


We find by investigation that a 
suitable property is 


Q: G is abelian 


and we prove 


A structure has property P 
<=> it has property Q. 


(zy)? = 2y? for allz,yEG 
<=> G is abelian. 


Ey OOO 


The aim is to find a property Q, as in the groups example, which is more familiar 
and, preferably, more easily checked than is property P. 


Classification problems are usually stated as follows. 


General form Example from group theory 

Find all structures of a given type which Find all non-trivial finite abelian groups 

possess a given property. which have no non-trivial proper normal 
subgroups. 


It is important to understand the type of solution which such a problem demands. 
We do not literally search for an exhaustive list. We try to construct a list of 
structures so that any structure with a given property is isomorphic to one on our 
list. For example, the solution to the groups problem above is the list 


Co, Cs, Cs, 


of cyclic groups of prime order. In claiming this list as a solution, we are asserting 
that any non-trivial finite abelian group with the required property is isomorphic 
to C, for some prime p. 
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